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Observe › Idealize › Model › Solve / Analyze › Validate › Report

The engineering workflow you will use throughout this book
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C H A P T E R  - 2

P A R T  6    ·    ≈  5 0  M I N

Choosing a Coordinate Description

The motion never changed. Only our description changed. How does an 
engineer decide which one to use — and how do you check yourself by using 
another?

Observe › Idealize › Model › Solve / Analyze › Validate › Report
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T H E  M O T I O N  N E V E R  C H A N G E D

One bead, three languages

Observe › Idealize › Model › Solve / Analyze › Validate › Report

Cartesian: two shadows.   n–t: speed vs direction.   Polar: range vs bearing.   Same v. Same a. The engineer chooses the language.

𝒗 = ሶ𝑥 Ƹ𝒊 + ሶ𝑦 Ƹ𝒋
𝒂 = ሷ𝑥 Ƹ𝒊 + ሷ𝑦 Ƹ𝒋

𝒗 = 𝑣𝑠𝑝ෝ𝒖𝒕

𝒂 = (𝑟𝛼)ෝ𝒖𝒕 +
𝒗𝒔𝒑
𝟐

𝝆
ෝ𝒖𝒏

𝒗 = ሶ𝑟 ෝ𝒖𝒓+ 𝑟 ሶ𝜃 ෝ𝒖𝜃

𝒂 = ሷ𝑟 − 𝑟 ሶ𝜃2 ෝ𝒖𝒓 + 𝑟 ሷ𝜃 + 2 ሶ𝑟 ሶ𝜃 ෝ𝒖𝜃
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S A M E  M O T I O N ,  T W O  W A Y S  ·  V E L O C I T Y  O F  T H E  S T E A D Y  B E A D

Three sets of components, one arrow: 2.59 m/s tangent to the wheel

Observe › Idealize › Model › Solve / Analyze › Validate › Report

Cartesian

𝒗 = ሶ𝑥 Ƹ𝒊 + ሶ𝑦 Ƹ𝒋 = −𝑅𝜔 sin 𝜃 𝑖 + 𝑅𝜔 cos𝜃 𝑗

= −1.67 𝑖 + 1.98 𝑗 𝑚/𝑠

| 𝒗 | = 1.672 + 1.982 = 2.59 𝑚/𝑠

at 130° from x — which is the tangent 
direction at 𝜃 = 40°. Note: 40+90=130

n–t

𝒗 = 𝑣𝑠𝑝ෝ𝒖𝒕 = 2.59 ෝ𝒖𝒕 m/s

One number. The direction is built into the 
frame.

Polar

𝒗 = ሶ𝑟 ෝ𝒖𝒓+ 𝑟 ሶ𝜃 ෝ𝒖𝜃 = 0 ⋅ ෝ𝒖𝒓 + 2.59 ෝ𝒖𝜃 m/s

On a circle about O, ෝ𝒖𝜃 is in the same 
direction as ෝ𝒖𝒕. Same one number.

T H E  C H E C K  — R O T A T E  T H E  C A R T E S I A N  P A I R  I N T O  T H E  T A N G E N T  D I R E C T I O N

𝑣
𝑡
= −𝑣𝑥 𝑠𝑖𝑛 𝜃 + 𝑣𝑦 𝑐𝑜𝑠 𝜃 = 1.67(0.643) + 1.98(0.766) = 2.59 𝑚/𝑠

𝑣
𝑛
= −𝑣𝑥 𝑐𝑜𝑠 𝜃 − 𝑣𝑦 𝑠𝑖𝑛 𝜃 = 1.28 − 1.27 ≈ 0

Three descriptions, one velocity. If they ever disagree, the error is in the algebra, never in the physics.
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S A M E  M O T I O N ,  T W O  W A Y S  ·  A C C E L E R A T I O N  O F  T H E  B R A K I N G  B E A D

Inward 20.3 m/s² and backward 0.22 m/s² — in every language

Observe › Idealize › Model › Solve / Analyze › Validate › Report

n–t

𝑎
𝑡
= 𝑟𝛼 = −0.22 𝑚/𝑠² (backward)

𝑎
𝑛
= 𝑟𝜔² = 20.3 𝑚/𝑠² (inward)

|a| = 20.3 m/s²

Polar

𝑎
𝑟
= −𝑟𝜔2 = −20.3

𝑚

𝑠2

(-) sign means inward since ෝ𝒖𝒓 is outward

𝑎
𝜃
= 𝑟𝛼 = −0.22 𝑚/𝑠²

|𝑎| = 20.3 𝑚/𝑠²

Cartesian (θ = 40°)

𝒂 = −15.4 Ƹ𝒊 − 13.2 Ƹ𝒋 𝑚/𝑠²

|a| = 20.3 m/s² — but which part is braking 
and which is turning? You would have to 
project to find out.

Same magnitude, same arrow. Cartesian tells you WHERE it points; n–t and polar tell you WHY. That difference is the reason we have three descriptions.

Ask yourself

If a Tracker export gave you only (t, x, y) for the braking bead, which description would you compute in first — and which would
you convert to in order to read a

t
? (Cartesian first, because that is the data; n–t second, because that is the question.)



© 2026 AI First Engineering LLC by Taner & Sebnem Onsay

M O D E L  ·  T H E  T H R E E  Q U E S T I O N S  T H A T  P I C K  A  D E S C R I P T I O N

What do I know? What am I asked? What did the instrument measure?

Observe › Idealize › Model › Solve / Analyze › Validate › Report

Choose CARTESIAN 
when…

the components are measured or prescribed 
independently (Tracker data, GPS, a projectile 
with 𝑎

𝑥
= 0 and 𝑎

𝑦
= −𝑔), or the geometry 

is naturally rectangular.

Choose n–t when…

the PATH is known and the question is about 
speed change vs direction change: ramps, 
tracks, curves, the wheel — and any comfort 
or grip limit stated as an acceleration.

Choose POLAR when…

the motion is naturally seen FROM A POINT 
(range and bearing) or prescribed along a 
rotating line: antennas, booms, turntables, 
slotted arms, pendulums with a stretching 
cord.

T H E  C A U T I O N

The guide is a starting point. The engineer decides — and states why.

Many real problems use two descriptions: compute in the instrument's language, answer in the question's language, validate in the third.
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T H I N K  ·  W H I C H  D E S C R I P T I O N  W O U L D  Y O U  C H O O S E  — A N D  W H Y ?

Six situations. One sentence of justification each.

Observe › Idealize › Model › Solve / Analyze › Validate › Report

1 Car on a mapped mountain road

2 Satellite from a ground station

3 Package on a straight incline

4 Pendulum bob on a fixed cord

5 Pin in a rotating slotted arm

6 Ball thrown across a gym
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R E V E A L  ·  D E F E N S I B L E  C H O I C E S  — A N D  W H A T  W O U L D  C H A N G E  T H E M

The label matters less than the sentence after it

Observe › Idealize › Model › Solve / Analyze › Validate › Report

1 n–t

Path known from the map; the question is 
a

n
against a comfort limit and how hard to 

brake. Would change to Cartesian if the 
data were GPS points to be differentiated.

2 Polar

The station measures range and bearing. 
Would change to Cartesian if the question 
were the ground track or a rendezvous with 
another object.

3 Cartesian (along the incline)

Straight path: one axis along the belt, 
constant acceleration — Chapter 1 in 
disguise. Would change to n–t if the 
conveyor curved.

4
n–t or polar — they 

coincide

On a circle centered at the pivot, ෝ𝒖
𝒏
= −ෝ𝒖

𝒓
and ෝ𝒖

𝒕
= ෝ𝒖

𝜽
. They separate if the cord 

stretches or is reeled in (then ሶ𝑟≠ 0 and polar is 
the only natural choice).

5 Polar

r along the arm, θ the arm's angle; the pin 

slides while the arm turns, so 2 ሶ𝑟 ሶ𝜃 is real. 
Would change to n–t if the slot were 
curved and only the pin's speed along it 
mattered.

6 Cartesian

a
x

= 0, a
y

= −g: the projectile model. Would 
change to n–t if the question were the 
curvature of the flight path at the apex 

(𝑎
𝑛
= 𝑔 there, since an =

𝑣𝑠𝑝
2

𝜌
, 𝜌 =

𝑣𝑥
2

𝑔
).
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A  H A R D E R  R O U N D  ·  T H E  P E N D U L U M

n–t and polar give the same components here. When would they not?

Observe › Idealize › Model › Solve / Analyze › Validate › Report

F I X E D  C O R D ,  O R I G I N  A T  T H E  P I V O T

𝑟 = 𝐿: 𝑎𝑟 = −𝐿 ሶ𝜃 ², 𝑎
𝜃
= 𝐿 ሷ𝜃

𝑛– 𝑡: 𝑎𝑛 = 𝐿 ሶ𝜃² = 𝑣²/𝐿, 𝑎𝑡 = 𝐿 ሷ𝜃

𝐼𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟𝑠: ෝ𝒖𝒏 = −ෝ𝒖𝑟, ෝ𝒖𝑡 = ෝ𝒖𝜃.
𝑃𝑖𝑐𝑘 𝑒𝑖𝑡ℎ𝑒𝑟; 𝑠𝑎𝑦 𝑤ℎ𝑖𝑐ℎ.

Now reel the cord in while 
it swings

r decreases. Polar keeps working: ṙ, r̈ and 

2 ሶ𝑟 ሶ𝜃appear. n–t would need the radius of 
curvature of a spiral at every instant. The 
choice is no longer a coin toss.

Where this goes

Chapter 3: the cord tension must supply a
n
. 

Chapter 10: for small θ, ሷ𝜃 = −(𝑔/𝐿)𝜃 — the 
pendulum becomes the first vibration model.

ෝ𝒖𝒏 = −ෝ𝒖𝑟
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S A M E  M O T I O N ,  T W O  W A Y S  ·  P A R T  4 ' S  O F F - R A M P  A T  T H E  J U N C T I O N ,  I N  x – y

Right answer, wrong language: the same 5.5 m/s² costs three times the 

algebra

Observe › Idealize › Model › Solve / Analyze › Validate › Report

C O N V E R T  T H E  n – t  A N S W E R  A T  B ⁺ ( H E A D I N G  5 0 ° )

ෝ𝒖𝑡 = (𝑐𝑜𝑠 50°, 𝑠𝑖𝑛 50°) = (0.643, 0.766); ෝ𝒖𝒏 = (−0.766, 0.643)

Ԧ𝑎 = 𝑎𝑡ෝ𝒖𝑡 + 𝑎𝑛ෝ𝒖𝒏 = −0.96ෝ𝒖𝑡 + 5.4ෝ𝒖𝒏

𝒂 = (−4.75, 2.74) 𝑚/𝑠², |𝒂| = 5.49 𝑚/𝑠² ✓

Same magnitude as Part 4. But from (−4.75, 2.74) alone you cannot tell that only 0.96 of it is 
braking — you would project back onto the heading to find out.

Starting in x–y from the map would have meant: parametrize both arcs, compute ẍ, ÿ, then ρ 
from the curvature formula, then project. Three times the algebra for the same 5.49.

Validation by alternate description

Two independent routes, one number. This is the Part 4 
VALIDATE step we promised — and it is how you catch a 
sign error in a

n
.

The lesson

The wrong description does not give a wrong answer. It 
gives the right answer slowly, and hides the meaning.
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S A M E  M O T I O N ,  T W O  W A Y S  ·  P A R T  5 ' S  Q U A D C O P T E R ,  R E - E X A M I N E D

The instrument chose the description. The validation used the other one.

Observe › Idealize › Model › Solve / Analyze › Validate › Report

Encoder on a wheel or rail

measures distance along the path → n–t is natural (s, v = ṡ).

GPS · motion capture · Tracker

deliver x(t), y(t) → Cartesian first, then convert to answer the 
question.

Radar · tracking antenna · rangefinder

deliver 𝑟(𝑡), 𝜃(𝑡) → polar first; validate in Cartesian when 
the flight is simple.

Automotive radar

reports the RELATIVE velocity of the car ahead — a fourth 
kind of description, Part 7.

The instrument often makes the first choice for you. The second choice — which language to ANSWER and VALIDATE in — is always yours.
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J U S T - I N - T I M E  ·  M O V I N G  C O M P O N E N T S  B E T W E E N  T W O  F R A M E S  A T  A N  I N S T A N T

It is a rotation through one angle. Nothing more.

Observe › Idealize › Model › Solve / Analyze › Validate › Report

F R A M E  R O T A T E D  B Y  φ  ( A N G L E  O F  u
t

F R O M  T H E  x - A X I S ;  
u

n
T O  I T S  L E F T )

𝑎
𝑡
= 𝑎𝑥 𝑐𝑜𝑠 𝜑 + 𝑎𝑦 𝑠𝑖𝑛 𝜑

𝑎
𝑛
= −𝑎𝑥 𝑠𝑖𝑛 𝜑 + 𝑎𝑦 𝑐𝑜𝑠 𝜑

Same two lines for Ԧ𝑣, and for polar with 𝜑 the line-of-sight angle ( ෝ𝒖𝒓, ෝ𝒖𝜃). If ෝ𝒖𝒏 is to the 
right of ෝ𝒖𝒕, flip the sign of a

n
.

Check with the braking bead

𝒂 = (−15.4, −13.2) m/s² at θ = 40°, so φ = 130°.

a
t
= −15.4 cos 130° − 13.2 sin 130° = −0.22 m/s² ✓

a
n

= 15.4 sin 130° − 13.2 cos 130° = 20.3 m/s² ✓

Draw the two frames on top of each other before you write the equations. The angle φ is read from the sketch — most sign errors are sketch errors.

𝑎𝑡
𝑎𝑛

=
cos𝜑 sin𝜑
− sin𝜑 cos𝜑

𝑎𝑥
𝑎𝑦
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A I  O P P O R T U N I T Y  ·  A I  A S  C R I T I C  — Y O U  J U D G E  T H E  C R I T I Q U E

Give an AI your coordinate choice. Then grade its critique.

Observe › Idealize › Model › Solve / Analyze › Validate › Report

T H E  P R O M P T

"Here is a situation [describe it] and the coordinate system I 
chose [name it, with my one-sentence reason]. Critique my 
choice. Propose the alternative you would use. Then tell me 
what information I would need that I do not have."

1 Did it apply the three questions?

Known · asked · measured. If not, its critique is decoration.

2 Did it invent information?

"Assume the path is circular" — was that given? Added assumptions 
change the problem.

3 Did you change your mind?

One sentence: "I kept / changed my choice because …" — that is the 
deliverable.

AI can assist reasoning. It does not choose the engineering model. The model, the assumptions, the interpretation, the validation and the final 
result remain yours.

AI  AS CODING 

COMPANION

"Write one Python function that prints x, y, v and a in Cartesian, n–t and polar side by side at a given t." All three 
|a| must agree to the last digit — if not, the code is wrong, not the physics.
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S Y N T H E S I S  ·  W H A T  Y O U  C A N  N O W  E X P L A I N  A N D  D O

Part 6 — what you can now explain and do

You can now EXPLAIN

• That Cartesian, n–t and polar are three descriptions 
of ONE motion, and that the vectors v and a are 
identical in all three

• The natural domain of each description — and the 
one piece of information that would flip the choice

• Why the instrument often makes the first choice, and 
why the second choice (answer and validate) is yours

• Why the "wrong" description gives the right answer 
slowly and hides the meaning

You can now DO

• Choose a description for an unfamiliar situation and 
justify it in one or two sentences

• Rotate components between two frames at an 
instant and use it to validate a result by an alternate 
description

• Solve one motion two ways and reconcile term by 

term (𝑎
𝑡

𝑟 ሷ𝜃, 𝑎
𝑛

𝑟 ሶ𝜃²)

• Grade an AI's critique of your modeling choice 
against the three questions

Next — Part 7: what if motions are connected by a cable, or observed from something that is itself moving? Two more descriptions — constraints and relative 
motion — and a bridge to Chapter 3.
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   𝒗 → =  x .  𝒊 ^ +  y .  𝒋 ^  


   𝒂 → =  x ¨  𝒊 ^ +  y ¨  𝒋 ^  


   𝒗 → =  v  s p    𝒖 ^ 𝒕


   𝒂 → = ( r 𝛼 )    𝒖 ^ 𝒕 +  (    𝒗  𝒔 𝒑 𝟐 𝝆 )    𝒖 ^ 𝒏


   𝒗 →   =  r .      𝒖 ^ 𝒓 +   r  𝜃 .      𝒖 ^ 𝜃


   𝒂 →   =  (  r ¨   −   r      𝜃 . 2 )        𝒖 ^ 𝒓     +    ( r    𝜃 ¨   +   2    r .    𝜃 . )        𝒖 ^ 𝜃


   𝒗 → =  x .  𝒊 ^ +  y .  𝒋 ^  


  = − R 𝜔  sin ⁡ 𝜃 i +   R 𝜔  cos ⁡ 𝜃 j  


    =   − 1 . 67   i   +   1 . 98   j   m / s


   𝒗 →  


  =   (   1 . 67 2 +   1 . 98 2 ) = 2 . 59   m / s


  130 °


  𝜃   =   40 °


   𝒗 → =  v  s p    𝒖 ^ 𝒕  


     𝒖 ^ 𝒕  


   𝒗 →   =  r .      𝒖 ^ 𝒓 +   r  𝜃 .      𝒖 ^ 𝜃   =   0 ⋅      𝒖 ^ 𝒓


       𝒖 ^ 𝜃


       𝒖 ^ 𝜃


     𝒖 ^ 𝒕


  v t   =   −  v x   s i n ⁡ 𝜃   +    v y   c o s ⁡ 𝜃   =   1 . 67 ( 0 . 643 )   +   1 . 98 ( 0 . 766 )   =   2 . 59   m / s


  v n   =   −  v x   c o s ⁡ 𝜃   −    v y   s i n ⁡ 𝜃   =   1 . 28   −   1 . 27   ≈   0


  a t   =   r 𝛼   =   − 0 . 22   m / s ²  


  a n   =   r 𝜔 ²   =   20 . 3   m / s ²  


  a r   =   − r  𝜔 2 =   − 20 . 3  m   s 2


     𝒖 ^ 𝒓


  a 𝜃   =   r 𝛼   =   − 0 . 22   m / s ²


  | a |   =   20 . 3   m / s ²


   𝒂 →   =   − 15 . 4    𝒊 ^   −   13 . 2    𝒋 ^   m / s ²


  a x   =   0


  a y   =   − g


   𝒖 ^ 𝒏   =   −  𝒖 ^ 𝒓  


   𝒖 ^ 𝒕   =    𝒖 ^ 𝜽


   r .


  2  r .  𝜃 .  


  a n   =   g  


   a n =    v  s p 2 𝜌 ,       𝜌   =    v x 2 g


  r   =   L :      a r   =   − L  𝜃 .   ² ,       a 𝜃   = L  𝜃 ¨  


  n – t :          a n   =   L  𝜃 . ²   =   v ² / L ,        a t   = L  𝜃 ¨


  I d e n t i c a l   v e c t o r s :            𝒖 ^ 𝒏 =   −    𝒖 ^ r ,        𝒖 ^ t =    𝒖 ^ 𝜃 .  


  P i c k   e i t h e r ;   s a y   w h i c h .


  2  r .  𝜃 .


  ,    𝜃 ¨ = − ( g / L ) 𝜃  


     𝒖 ^ 𝒏 =   −    𝒖 ^ r


     𝒖 ^ t =   ( c o s ⁡ 50 ° ,   s i n ⁡ 50 ° )   =   ( 0 . 643 ,   0 . 766 ) ;    𝒖 ^ 𝒏 =   ( − 0 . 766 ,   0 . 643 )


   a →   =    a t    𝒖 ^ t +    a n    𝒖 ^ 𝒏 =   − 0 . 96    𝒖 ^ t +   5 . 4    𝒖 ^ 𝒏


   𝒂 →   =   ( − 4 . 75 ,   2 . 74 )   m / s ² ,         | 𝒂 |   =   5 . 49   m / s ²     ✓


  r ( t ) ,   𝜃 ( t )  


  a t   =      a x   c o s ⁡ 𝜑   +    a y   s i n ⁡ 𝜑


  a n   =   −  a x   s i n ⁡ 𝜑   +    a y   c o s ⁡ 𝜑


   v →


  𝜑


       𝒖 ^ 𝒓


       𝒖 ^ 𝜃


       𝒖 ^ 𝒏


       𝒖 ^ 𝒕


   𝒂 →     =  


   [     a t    a n ] =  [     cos ⁡ 𝜑   sin ⁡ 𝜑   −  sin ⁡ 𝜑   cos ⁡ 𝜑 ]  [     a x    a y ]


  a t   ↔   r  𝜃 ¨ ,     a n   ↔   r  𝜃 . ²

